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We present a general quantum instanton approach to calculating reaction rates for systems with two electronic states
and arbitrary values of the electronic coupling. This new approach, which we call the non-adiabatic quantum instanton
(NAQI) approximation, reduces to Wolynes theory in the golden rule limit and to a recently proposed projected quantum
instanton (PQI) method in the adiabatic limit. As in both of these earlier theories, the NAQI approach is based on making
a saddle point approximation to the time integral of a reactive flux autocorrelation function, although with a generalised
definition of the projection operator onto the product states. We illustrate the accuracy of the approach by comparison
with exact rates for one dimensional scattering problems and discuss its applicability to more complex reactions.
I. INTRODUCTION
Rate processes which involve both nuclear quantum effects
and the breakdown of the Born-Oppenheimer approximation
are important in a wide variety of contexts, ranging from de-
vice physics to biology.1–4 For systems with more than a few
degrees of freedom, exact wavefunction based approaches are
impractical due to the exponential scaling of quantum me-
chanics with dimensionality. Imaginary time path integral
techniques,5 which can accurately capture zero point energy
and tunnelling effects and yet scale only linearly with sys-
tem size, have therefore become popular for studying more
complex reactions. While there now exist several such meth-
ods which are routinely used to study electronically adiabatic
reactions,6–12 as well as theories which can be applied to elec-
tronically non-adiabatic reactions in the golden rule limit,13–20
the development of accurate path integral techniques for more
general electronically non-adiabatic reactions with intermedi-
ate electronic coupling strengths is still a very active area of
research.21–33
When developing new path integral methods for studying
non-adiabatic systems a common approach has been to gen-
eralise a pre-existing adiabatic method. One of the most suc-
cessful path integral techniques for electronically adiabatic re-
actions is ring polymer molecular dynamics34,35 (RPMD) re-
action rate theory,9,10 and because of this much of the work
in this area has focussed on trying to extend it to treat non-
adiabatic systems.21–31 RPMD is particularly effective in the
deep tunnelling regime because of its connection with the
semiclassical instanton approximation,36 which uses a peri-
odic imaginary time trajectory through the reaction barrier to
describe the tunnelling process.37 While it is not as generally
applicable as RPMD, the semiclassical instanton formula is
known to provide a highly accurate description of tunnelling
in situations where there is a single dominant tunnelling path.
Early work extending the semiclassical instanton approach to
treat non-adiabatic reactions was based on assuming that the
“Im-F” premise38,39 could be applied to non-adiabatic sys-
tems, and succeeded in providing a theory which bridged
between the golden rule and Born-Oppenheimer limits41–44
More recently, Richardson et al.45–47 have provided a rigor-
a)Electronic mail: joseph.lawrence@chem.ox.ac.uk
ous derivation of the semiclassical instanton rate in the golden
rule limit, and found some important differences between the
resulting expression and that given by the Im-F formulation.
However, their derivation has yet to be extended beyond the
golden rule limit so that it can be applied to reactions with
arbitrary electronic coupling strengths.
In this paper we shall focus on another well known method,
the quantum instanton approximation. Unlike the other meth-
ods discussed above, this approximation was in fact first sug-
gested in the golden rule context by Wolynes13 in 1987 (lead-
ing to what is now typically referred to as Wolynes the-
ory), before the adiabatic counterpart was suggested by Miller
et al.7 in 2003 (who gave it the name quantum instanton).
Wolynes theory and the quantum instanton are both closely
related to the semiclassical instanton, and all three can be in-
terpreted as steepest descent approximations to the flux-flux
correlation function expression for the reaction rate. However,
whereas the semiclassical instanton simultaneously approxi-
mates integrals over both position and time, Wolynes theory
and the quantum instanton involve just a single steepest de-
scent approximation to the time integral. The resulting expres-
sions only involve time-independent quantities, which can be
evaluated by sampling imaginary time paths.
Recently Vaillant et al.48 have suggested a slight modifica-
tion of the original adiabatic quantum instanton which they
have called the projected quantum instanton (PQI). This en-
forces sampling of paths close to the semiclassical instan-
ton and results in an expression that is even more closely re-
lated to Wolynes theory. In the following we shall present a
generalised approach to electronically non-adiabatic reactions
that is applicable to arbitrary electronic coupling strengths be-
tween the golden rule and adiabatic limits and which reduces
to Wolynes theory and the PQI approximation in these two
limits, respectively.
We begin in Section II by discussing how the choice of the
projection operators that are used to define the reactants and
products affects the functional form of the reactive flux-flux
correlation function of an electronically non-adiabatic reac-
tion. Motivated by this discussion, we introduce a simple pro-
jection operator onto the product states which can be tuned
so as to minimise the recrossing of the transition state di-
viding surface for any given non-adiabatic reaction. In Sec-
tion III, we summarise the Wolynes theory and quantum in-
stanton approaches to the golden rule and Born-Oppenheimer
limits, before introducing a more general approach for the
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2calculation of reaction rates for arbitrary electronic coupling
strengths, which we shall call the non-adiabatic quantum in-
stanton (NAQI) approximation. In Section IV we investigate
the accuracy of the NAQI formula for a series of simple one-
dimensional scattering problems for which the exact quantum
mechanical reaction rates can be computed for comparison.
Section V concludes the paper, discussing several possible ap-
plications of the NAQI approach and the scope for further the-
oretical developments.
II. EXACT REACTION RATE THEORY
The Hamiltonian for a general two level system can be writ-
ten in the diabatic representation as
Hˆ = Hˆ0 |0〉〈0| + Hˆ1 |1〉〈1| + ∆(|0〉〈1| + |1〉〈0|), (1)
where |0〉 and |1〉 are the two diabatic electronic states. Since it
suffices for our present purposes, we shall restrict our attention
to simple one-dimensional scattering problems of the form
Hˆi =
pˆ2
2m
+ Vi(qˆ), (2)
in which Vi(q) is the diabatic potential on electronic state |i〉.
We shall also assume that the electronic coupling ∆ is a con-
stant, independent of the nuclear configuration q (the Condon
approximation). Within this simple framework, the adiabatic
potentials, U±(q), are
U±(q) =
V0(q) + V1(q)
2
± 1
2
√
(V0(q) − V1(q))2 + 4∆2. (3)
Everything we shall have to say can readily be generalised
to treat more complex multi-dimensional reactions, and to in-
clude non-Condon effects. However, Eqs. (1) to (3) are all we
shall need to make the points we would like to make here.
The exact quantum mechanical thermal rate constant for
the transition from reactants to products can be written in the
form49,50
kQr =
1
2
∫ ∞
−∞
cff(t) dt, (4)
where Qr =
√
m/2piβ~2 is the reactant partition function per
unit length and
cff(t) = tr
[
e−βHˆ/2Fˆe−βHˆ/2e+iHˆt/~Fˆe−iHˆt/~
]
(5)
is a reactive flux autocorrelation function (with β = 1/kBT ).
The flux operator is the Heisenberg time derivative of the pro-
jection onto the products,
Fˆ =
i
~
[Hˆ, Pˆp]. (6)
This formulation applies equally well in both the adiabatic and
non-adiabatic limits with appropriate definitions of the projec-
tion operator Pˆp.
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FIG. 1. Flux-flux correlation functions for an exponential crossing
model in the adiabatic regime (with βA = 48, mL2/β~2 = 1/4 and
log10(β∆) = 1.5). Note the different scales on the y-axes in the two
panels. The areas under both curves are the same. However the non-
adiabatic projection operator clearly leads to a much longer-lived
correlation function with a negative tail, which indicates recrossing
of the dividing surface between reactants and products.51
In the adiabatic limit where the Born-Oppenheimer approx-
imation is valid, it is usual to define Pˆp as
Pˆp = θ(s(qˆ)), (7)
where θ(x) is a Heaviside step function and s(q) = 0 is a po-
sition space dividing surface between the reactants [s(q) < 0]
and products [s(q) > 0]. The flux operator then becomes
Fˆ =
pˆ
2m
∂s
∂q
δ(s(qˆ)) +
∂s
∂q
δ(s(qˆ))
pˆ
2m
. (8)
In the golden rule limit where ∆→ 0, it is more usual to define
the rate in terms of a transition between the diabatic states |0〉
and |1〉, which gives
Pˆp = |1〉〈1| , (9)
and
Fˆ =
i
~
∆(|0〉〈1| − |1〉〈0|). (10)
In situations where the reactants and products can equally
well be distinguished using either definition of Pˆp, the rate
constant is independent of the definition used. However, while
the choice of projection operator does not change the rate, it
does change the functional form of the flux-flux correlation
function. To illustrate this we shall consider a simple model
curve crossing problem
V0(q) = Ae+q/L, (11a)
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FIG. 2. Flux-flux correlation functions for an exponential crossing
model in the golden rule regime (with βA = 48, mL2/β~2 = 1/4 and
log10(β∆) = −2). Note the different scales on the y-axes in the two
panels. The areas under both curves are the same. However the adi-
abatic projection operator clearly leads to a correlation function with
a negative tail, which indicates recrossing of the dividing surface be-
tween reactants and products.51
V1(q) = Ae−q/L, (11b)
with βA = 48, mL2/β~2 = 1/4, and three different values of
the electronic coupling strength (β∆).
Figure 1 shows the flux-flux correlation functions for this
model problem with log10(β∆) = 1.5 (approximately in the
adiabatic limit), as calculated using both the adiabatic and
non-adiabatic projection operators. The position space pro-
jection operator leads to a correlation function which decays
quickly with almost no negative correlation, whereas the di-
abatic projection operator gives a correlation function that is
much larger at t = 0 and has a slowly decaying negative tail.
The position space projection operator is thus seen to lead to
far less recrossing than the diabatic projection operator in this
regime.
Figure 2 shows the flux-flux correlation function for
log10(β∆) = −2, which is in the opposite (non-adiabatic) limit.
In this case the amount of recrossing is reversed, with the dia-
batic projection operator leading to an approximately Gaus-
sian flux-flux correlation function with minimal recrossing,
whereas the position space projection operator gives rise to
significant recrossing. Here the recrossing arises from the
high probability that when the system passes through the di-
viding surface it will remain on the same diabatic surface, and
hence will a short time later be reflected by the potential wall
and return through the dividing surface.
The projection operators in Eqs. (7) and (9) are clearly quite
different. However we note that it is possible to recast the
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FIG. 3. Flux-flux correlation functions for an exponential crossing
model with parameters intermediate between the golden rule and the
adiabatic limits (βA = 48, mL2/β~2 = 1/4 and log10(β∆) = −0.25).
Note the different scales on the y-axes in the two panels. The plot
clearly illustrates that in this regime the adiabatic projection opera-
tor leads to a correlation function with significant recrossing of the
dividing surface and the non-adiabatic projection operator leads to
a much longer lived correlation function with a negative tail. The
generalised projection operator is seen to give a correlation function
with almost no recrossing.
projection operator on to the products in the golden rule limit
in a form that more closely resembles Eq. (7),
Pˆp = θ(−σˆz), (12)
where σˆz is the Pauli spin operator σˆz = |0〉〈0| − |1〉〈1|. This
suggests an obvious generalisation in which the argument of
the Heaviside step function is taken to be a linear combination
of s(qˆ) and σˆz,
Pˆp(α) = θ(cos(α)s(qˆ) − sin(α)σˆz), (13)
or equivalently, provided 0 ≤ α < pi/2, using the properties of
the step function,
Pˆp(α) = θ(s(qˆ) − tan(α)σˆz). (14)
This Pˆp(α) is diagonal in the electronic basis with diagonal
matrix elements
〈0| Pˆp(α) |0〉 = θ(s(qˆ) − tan(α)), (15a)
〈1| Pˆp(α) |1〉 = θ(s(qˆ) + tan(α)), (15b)
and so we see that we can also think of the generalised projec-
tion operator as effectively giving rise to two separate position
space dividing surfaces, one for each diabatic state.
4In the Born-Oppenheimer limit it is clear that α→ 0, and in
the non-adiabatic limit that α→ pi/2. In Figure 3 we show the
flux-flux correlation functions for the system with log10(β∆) =−0.25, which is intermediate between the adiabatic and non-
adiabatic limits. The results for all three projection operators
are shown, with s(q) = q/L and tan(α) = 12/5 in the case of
the generalised projection operator in Eq. (14). We see that
with this choice of α the correlation function is approximately
Gaussian with minimal recrossing. In contrast both the purely
position space and purely diabatic state projection operators
have significantly higher initial values, along with regions of
negative correlation corresponding to recrossing.
III. QUANTUM TRANSITION STATE THEORIES
The advantage of writing the rate in terms of the integral of
a flux-flux correlation function with minimal recrossing is that
one can then use this to develop a “quantum-transition state
theory”. By this we mean an approximate expression for the
rate that only depends on time-independent quantities, such as
Wolynes theory in the non-adiabatic limit13 and the quantum
instanton approximation in the adiabatic limit.7 Here we first
give a brief summary of these two existing quantum transition
state theories, before showing how they can be generalised to
give a method that is applicable to electronically non-adiabatic
reactions with arbitrary electronic coupling strengths.
A. Wolynes Theory
In order to derive the Wolynes theory expression for the
rate one begins by taking the golden rule limit of the flux-
flux correlation function in Eq. (5), with the flux operator de-
fined as in Eq. (10). Since 〈i| e−iHˆt/~ |i〉 = e−iHˆit/~ + O(∆2) and
〈i| e−iHˆt/~ | j〉 = O(∆) for i , j, it follows that in the golden rule
(∆→ 0) limit
cff(t) =
2∆2
~2
Re
(
cGR(t)
)
, (16)
where
cGR(t) = trn
[
e−βHˆ0/2−iHˆ0t/~e−βHˆ1/2+iHˆ1t/~
]
(17)
and trn[. . . ] denotes a trace over nuclear coordinates. Noting
that introducing an arbitrary bias to products, V1(q)→ V1(q)−
, leads to
cGR(t)→ cGR(t) e+β/2−it/~ (18)
it is clear that changing the bias introduces an oscillatory com-
ponent into the correlation function. In order to remove this
oscillation and restore the approximately Gaussian behaviour
seen for the symmetric problem in the lower panel of Fig. 2,
one makes use of the relation, cGR(−t) = c∗GR(t) to rewrite the
rate in Eq. (4) as
kQr =
∆2
~2
∫ ∞
−∞
cGR(t) dt, (19)
and then performs the integration over time by shifting the
contour of integration to pass through a saddle point of cGR(t)
on the imaginary time axis. This leads to the Wolynes theory
approximation to the rate13
kWTQr =
∆2
~
√
2pi
−βF′′WT(λsp)
e−βFWT(λsp), (20)
where we have defined
e−βFWT(λ) = trn
[
e−(β−λ)Hˆ0e−λHˆ1
]
= cGR(i(λ − β/2)~) (21)
and the saddle point condition is F′WT(λsp) = 0.
B. Adiabatic Quantum Instanton
In the adiabatic limit, for reactions which can be consid-
ered to proceed on the lower adiabatic surface, the flux-flux
correlation function becomes
cff(t) = trn
[
e−βHˆBO/2Fˆe−βHˆBO/2e+iHˆBOt/~Fˆe−iHˆBOt/~
]
, (22)
where
HˆBO =
pˆ2
2m
+ Uˆ−(q) (23)
and the flux operator is
Fˆ =
i
~
[HˆBO, Pˆp]. (24)
The original paper by Miller et al.7 proposed two closely re-
lated “quantum instanton” methods. The conceptually simpler
of the two makes a second order cumulant approximation to
the flux-flux correlation function,
cff(t) ' cff(0) exp
(
c¨ff(0)
2cff(0)
t2
)
, (25)
and then integrates over time to give
kQIQr =
√
picff(0)
−2c¨ff(0)cff(0). (26)
The problem with this approach is that the second order cu-
mulant expansion of the flux-flux correlation function can be
a poor approximation for asymmetric reactions. This can be
understood as arising for essentially the same reason as we
have discussed above for Wolynes theory. Vaillant et al.48
have recently examined the problem in detail with a semiclas-
sical analysis in which they showed that neither Eq. (26) nor
the alternative formulation of the quantum instanton method
in the original paper by Miller et al.7 reduces to the semiclas-
sical instanton approximation in the limit as ~→ 0.
In order to fix this problem, Vaillant et al. have suggested
a modified method, the projected quantum instanton (PQI), in
which the flux-flux correlation function is approximated as48
cff(t) ' 2Re [cPQI(t)] , (27)
5where
cPQI(t) = trn
[
Ur(iβ~/2 − t) FˆUp(iβ~/2 + t) Fˆ
]
, (28)
with
Us(t) = e+iHˆBOt/(2~)Pˆse+iHˆBOt/(2~) (29)
for s = r and p, with Pˆr = 1ˆ − Pˆp. The difference between
Eqs. (22) and (27) is that the exact cff(t) contains two addi-
tional terms of the form
trn
[
Us(iβ~/2 − t) FˆUs(iβ~/2 + t) Fˆ
]
with s = r and p. However, Vaillant et al. argue that since
the time integrals of these terms vanish in the semiclassical
(~ → 0) limit, they can safely be neglected when calculating
the reaction rate.48
Substituting Eq. (27) into Eq. (4) and noting that cPQI(−t) =
c∗PQI(t) gives
kQr '
∫ ∞
−∞
cPQI(t) dt. (30)
This time integral can be evaluated by steepest descent as in
Wolynes theory to give
kPQIQr =
1
β2~
√
2pi
−βF′′PQI(λsp)
e−βFPQI(λsp), (31)
where
e−βFPQI(λ) = (β~)2trn
[
Ur(i(β − λ)~) FˆUp(iλ~) Fˆ
]
= (β~)2cPQI(i(λ − β/2)~), (32)
in which the factor of (β~)2 has been introduced to ensure di-
mensional consistency in Eq. (32) and then compensated for
in Eq. (31). The saddle point condition is now F′PQI(λsp) = 0,
which is satisfied by the value of λ that maximises FPQI(λ)
and minimises cPQI(i(λ − β/2)~).
C. Non-adiabatic quantum instanton
It is clear from the above discussion that the PQI method
is very closely related to Wolynes theory.13 This connection
can be made more explicit by noting that Wolynes theory and
the PQI method can be regarded as the golden rule limit and
adiabatic limit, respectively, of a more general non-adiabatic
QI method.
In order to derive this NAQI method one simply proceeds
as in Eqs. (27) to (32), but with the flux operator defined as
in Eq. (6) with the generalised projection operator Pˆp(α) in
Eq. (14). The final result has the same form as Eq. (31),
kNAQIQr =
1
β2~
√
2pi
−βF′′α∗ (λsp)
e−βFα∗ (λsp), (33)
where
e−βFα(λ) = (β~)2trn
[
Ur(i(β − λ)~) FˆUp(iλ~) Fˆ
]
= (β~)2cα(i(λ − β/2)~) (34)
and we have defined α∗ and λsp as the values of α and λ that
maximise Fα(λ) and minimise cα(i(λ − β/2)~).
When ∆ → 0 and α∗ → pi/2, as is the case in the golden
rule limit, Eq. (33) reduces to Wolynes theory,13 and when the
upper adiabatic electronic state becomes thermally inaccessi-
ble and α∗ → 0, it reduces to the adiabatic PQI of Vaillant et
al.48 The NAQI method is thus a generalisation of these pre-
existing methods which can be applied to reactions that are
intermediate between the two limiting regimes.
IV. RESULTS AND DISCUSSION
To illustrate the accuracy of the NAQI approach we shall
consider a simple generalisation of the exponential curve
crossing model from Sec. II,
V0(q) = Ae+q/L (35a)
V1(q) = Ae−q/L − , (35b)
which allows for a bias of  towards the products. Defining the
crossing point of the two diabats as the solution to the equation
V0(q‡) = V1(q‡), and the value of the potential at the crossing
point as V‡ = V0(q‡), the behaviour of this model can be fully
characterised by the four dimensionless parameters, β∆, βV‡,
β and mL2/β~2. Note that A =
√
(V‡ + /2)2 − 2/4.
To demonstrate the behaviour of the NAQI method in dif-
ferent regimes we shall consider three systems in which the
values of βV‡, β and mL2/β~2 are fixed while β∆ is varied so
as to span the range from golden rule to Born-Oppenheimer
like behaviour. For each value of β∆, the NAQI rate was eval-
uated using a sine finite basis representation (FBR) in the bar-
rier region, with α and λ optimised along with the location of
the position space dividing surface, s(q) = (q − q0)/L, so as
to minimise cα(i(λ − β/2)~). The exact rate was computed for
comparison by integrating the cumulative reaction probability
kQrβ~ =
1
2pi
∫ ∞
0
e−βEN(E) βdE, (36)
with N(E) calculated using the coupled channel log derivative
method.52
In order to illustrate the importance of nuclear quantum ef-
fects, we shall compare the exact and NAQI results with the
classical Born-Oppenheimer rate
kcl-BOQrβ~ =
1
2pi
e−βU
‡
− , (37)
where U‡− = 12
( √
4(A − ∆)2 + 2 − 
)
is the maximum on the
lower adiabatic potential, and with the classical golden rule
rate
kcl-GRQrβ~ =
∆2
√
2pimβ
~|V ′0(q‡) − V ′1(q‡)|
e−βV
‡
, (38)
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FIG. 4. Comparison of the exact and NAQI rates as a function of
the diabatic coupling log(β∆) for a symmetric exponential crossing
model with β = 0, βV‡ = 48 and mL2/β~2 = 1/4. The classical
Born-Oppenheimer and golden rule rates are included to illustrate
the importance of nuclear quantum effects.
where |V ′0(q‡) − V ′1(q‡)| = (2V‡ + )/L. In terms of the four
dimensionless parameters this is simply
kcl-GRQrβ~ =
β2∆2
(2βV‡ + β)
√
2pimL2
β~2
e−βV
‡
. (39)
The first system we shall consider is the symmetric prob-
lem from Sec. II, with β = 0, βV‡ = 48 and mL2/β~2 = 1/4.
These parameters were chosen so that when log10(β∆) = 1.5
the Born-Oppenheimer problem on the lower adiabatic poten-
tial is similar to the 300 K symmetric Eckart barrier problem
considered by Vaillant et al.48 Figure 4 compares the NAQI
rate with the exact rate for this system. Excellent agreement
is obtained for the full range of β∆ considered. The error in the
NAQI rate is approximately independent of β∆, and is slightly
less than 5%. Comparison with the classical golden rule and
Born-Oppenheimer rates highlights the importance of nuclear
quantum effects, showing in particular that the effect of tun-
nelling on the rate is strongly dependent on the electronic cou-
pling strength. The tunnelling enhancement of the rate ranges
from a factor of 30 at the largest value of electronic coupling,
log10(β∆) = 1.5, to 12 orders of magnitude in the golden rule
limit. Clearly there is very efficient tunnelling through the nar-
row, nearly cusped potential energy barrier at small values of
the coupling.
It is interesting to note that the rate constant for the inter-
mediate value of coupling considered in Fig. 3, log10(β∆) =−0.25, is actually very well described by the golden rule limit
in this system. Hence we see that the electronic coupling at
which the transition from Born-Oppenheimer to golden rule
behaviour occurs is larger for the rate than the flux-flux cor-
relation function. This results in the optimum value of α re-
maining close to the adiabatic value while the rate exhibits
an approximately quadratic dependence on the electronic cou-
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FIG. 5. Comparison of the exact and NAQI rates as a function of
the diabatic coupling log(β∆) for an asymmetric exponential cross-
ing model with β = 50, βV‡ = 44.5 and mL2/β~2 = 16/49. The
classical Born-Oppenheimer and golden rule rates are included to il-
lustrate the importance of nuclear quantum effects.
pling characteristic of the golden rule limit. We do not expect
this to be a general feature – it occurs here because this is a
symmetric problem in the deep tunnelling regime. In fact, we
believe this helps to explain the success of “mean field” meth-
ods for such problems.24,44 These methods exploit the fact that
at intermediate values of the electronic coupling the dominant
contribution to the partition function in the barrier region is
the ∆2 term. The ∆0 terms have a larger action due to lack of
tunnelling whereas the ∆2 term is dominated by paths near the
golden rule instanton which only spend a brief amount of time
near the crossing point and have a smaller action. Note that
the mean field instanton based methods all involve some kind
of ad hoc approximation in which the ∆0 term is thrown away,
whereas this is unnecessary in the present NAQI approach.
Figure 5 shows the various rates as a function of the elec-
tronic coupling for the second system we shall consider, a
strongly asymmetric system with β = 50, βV‡ = 44.5 and
mL2/β~2 = 16/49. Again the parameters were chosen such
that when log(β∆) = 1.5 the lower adiabatic potential is sim-
ilar to that in one of the systems studied by Vaillant et al., in
this case the most asymmetric system with α = 4 at 300 K in
Fig. 5 of Ref. 48. As with the first system we see large nu-
clear quantum effects at all values of electronic coupling, with
the largest quantum enhancement in the golden rule limit. We
find excellent agreement between the exact rate and the NAQI
rate, with the largest error near log(β∆) = −0.5 where the
NAQI rate underestimates the exact rate by around 20%. In-
terestingly the rate is again well described by Fermi’s golden
rule at this value of β∆ despite the correlation function and
the optimum value of α being intermediate between the Born-
Oppenheimer and golden rule regimes. However, in contrast
to the symmetric system considered above, the optimum value
of α moves significantly away from zero before the rate has
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FIG. 6. Comparison of the exact and NAQI rates as a function of
the diabatic coupling log(β∆) for an asymmetric exponential crossing
model with β = 50, βV‡ = 44.5 and mL2/β~2 = 160/49. The
classical Born-Oppenheimer and golden rule rates are included to
illustrate the importance of nuclear quantum effects.
begun to exhibit a quadratic dependence on the electronic cou-
pling.
The high accuracy of the method for such an asymmetric
system at all values of the electronic coupling is particularly
encouraging as it indicates that we are correctly capturing the
instanton in this system. In particular, it shows that the in-
troduction of the projection operators into the flux-flux cor-
relation function works not only in the golden rule and adi-
abatic limits but also at intermediate values of the electronic
coupling. In this regard the present method provides a signif-
icant improvement over previous theories, such as the QTST
of Schwieters and Voth,43,44 which break down for strongly
asymmetric systems.
The final system we shall consider is significantly less
quantum mechanical while still being strongly asymmetric.
This is achieved by increasing the dimensionless mass param-
eter by a factor of 10 relative to the previous model, so that
β = 50, βV‡ = 44.5 and mL2/β~2 = 160/49. Figure 6 com-
pares the exact rate with the NAQI rate as well as the classical
golden rule and Born-Oppenheimer rates for this system. We
see that for the largest values of electronic coupling the clas-
sical adiabatic rate becomes a very good approximation to the
exact rate, indicating that nuclear quantum effects are mini-
mal in this regime. The NAQI rate again agrees very closely
with exact rate for all values of the electronic coupling, with
errors less than 5% for log10(β∆) < 1. The largest errors
are observed at the largest coupling strengths, in the range
1.25 ≤ log10(β∆) ≤ 1.5. We find that the NAQI approxima-
tion underestimates the exact rate by about 40% at the upper
end of this range, where the reaction is approximately classi-
cal and adiabatic. This is a well known deficiency of the adia-
batic quantum instanton,7,8,48 and arises because in the classi-
cal limit the correlation function is not well approximated by a
Gaussian due to a long time polynomially decaying tail. Anal-
ysis of the free particle correlation function predicts that the
adiabatic PQI underestimates the exact rate by 37%,48 which
is entirely consistent with the error seen here in the NAQI rate.
Simple fixes have been suggested in the past to correct the adi-
abatic quantum instanton for this error,7,8 and it may be possi-
ble to apply similar fixes to the NAQI. While Wolynes theory,
and hence the golden rule limit of NAQI, reduces to Marcus
theory in the high temperature limit for the spin-boson model,
it is known that they do not give the correct classical result at
high temperatures for anharmonic systems. Recently however
new methods have been suggested which aim to ameliorate
this flaw whilst still accurately describing the low temperature
regime,18,19 and it may well be possible to generalise these ap-
proaches to arbitrary coupling in much the same way we have
done here.
V. CONCLUDING REMARKS
We have demonstrated that it is straightforward to gener-
alise the PQI approximation and Wolynes theory, which are
applicable in the Born-Oppenheimer and golden rule limits
respectively, to treat non-adiabatic reactions with arbitrary
electronic coupling strengths. The resulting NAQI approxi-
mation has been shown to be highly accurate for both sym-
metric and strongly asymmetric systems at low temperatures
where nuclear quantum effects are important. However, as
is expected from its connection with the adiabatic quantum
instanton, we find that it underestimates the exact rate by ap-
proximately 40% in the adiabatic limit at high temperature,
where the flux-flux correlation function is not well approxi-
mated by a Gaussian but instead exhibits a polynomially de-
caying tail. This problem has previously been overcome by
assuming a different functional form for the correlation func-
tion or by going to a higher order asymptotic approximation,
and these are both interesting avenues to explore to improve
the present method.7,53–55
Here we have only applied the NAQI approach to simple
one dimensional systems in order to demonstrate the basic
features of the method. In order to apply the method to multi-
dimensional systems it will be necessary to develop a path in-
tegral implementation, which we expect to be straightforward
to do starting from the standard path integral implementation
of Wolynes theory.13,17 One of the main difficulties associated
with the calculation of multidimensional quantum instanton
rates in the adiabtatic limit is locating the optimum position
space dividing surface, and this difficulty will clearly carry
over to the present method. We note however that the natural
reaction coordinate in a two level system is expected to be the
diabatic energy gap, and hence for many systems, especially
those modelled with empirical valence bond force fields, find-
ing an appropriate dividing surface may not be too much of an
issue. (However the generalisation to systems with more than
two electronic states will clearly be much more challenging).
We have recently suggested an alternative approach to cal-
culating non-adiabatic reaction rates which avoids the need to
optimise the dividing surface.32,33 The idea is to combine the
8Born-Oppenheimer and golden rule rates with an appropriate
interpolation formula. When the Born-Oppenheimer rate is
calculated using RPMD rate theory,9,10 and the golden rule
rate using Wolynes theory,13 the resulting interpolated rate is
independent of the choice of position space dividing surface
for all values of the electronic coupling strength.32 However
the present NAQI approach clearly provides some advantages
over the use of an interpolation formula. For example, one
could imagine using its path integral implementation to ob-
tain direct information about the imaginary time trajectories
that are important in the reaction, and how these trajectories
change as a function of the electronic coupling.
Finally, we note that by making steepest descent approx-
imations to the integrals over position in PQI and Wolynes
theory one can obtain the semiclassical instanton in the Born-
Oppenheimer and golden rule limits respectively.46,48 Hence,
we expect that a steepest descent approximation to the NAQI
should lead to an accurate semiclassical instanton which is
valid for arbitrary electronic coupling strengths. More spec-
ulatively, because the semiclassical instanton in the adiabatic
limit has a close connection to (and has been shown to pro-
vide an a posteriori justification for) RPMD rate theory,36 one
might hope that the resulting non-adiabatic semiclassical in-
stanton may help in the development of an accurate generali-
sation of RPMD for calculating non-adiabatic rates.
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Appendix A: Diabatic projection operator
The alternative expression for the diabatic projection oper-
ator in Eq. (12) can be derived by noting that
θ(−σˆz) = lim
→0+
1
2pii
∫ ∞
−∞
e−ixσˆz
x − i dx (A1)
and
e−ixσˆz = e−ix |0〉〈0| + e+ix |1〉〈1| (A2)
immediately give
θ(−σˆz) = |1〉〈1| . (A3)
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